
 

MATH 5061 Lecture 3 Jan 27

Problem Set 2 is posted due on Feb 10

Last time f M N embedding TM vector bundle on 8

vector field X on M as a section of TM

Vector Fields as derivations

X E T TM locally in word X x Cnn 7Xix Xm

E g In IR write Xcx y y 3 1 Fy
ab f µXGuy l 91 1

Let fcx.gg XY
xy

f X f 93 x Igf y4 2

NIU X f X f

directionalIDEA X acts on smoothfunctions M by derivative

Notations M f f M IR smooth

Diff M i Cf M 2 M differ

Given X CTCTM f CGCM PEM
M

X f p I Xico 3 for Eng local wordF i x Xm st P O

Consider all points pG M

HTM a X CFM Ccm
W U

f Xcf



Prop The map above is a derivation i e t 9 b E B fig cCALM

1 Linearity X aft blog a X f t B XCg
2 LiebuizRule X f g g X f t f X g

FAI vectorfunds fderionatimons

Def Lie bracket Let X Y G TCTM

X Y X Y Y X c Ttm

i e X Y f X Tcf Y CXCfl
Properties of f

cis X Y Y X

Cii C J is R linear in each slot

Ciii Jacobi identity X CC2I C CZ X c 2 x YI 0

Caution C is definedonlyusing the smooth structure on M

Flow and integral curves of vector fields

et X ETCTM Consider the following I UP

gift flop't
te c I

integral
p P ane

ODE unique5011 Cpu If M that depends smoothly on
the initial data CCO P Eg X x'Fx

lo is R



Thur If X G TCTM is compactlysupported then the maps

10 M M is a differ for each t ECR
ul b
p 1 7 Cp

Moreover Ole o cfs off s t t s E IR

i e f Leep E Diff M forms a 1 parameter group
called the flow generated by X

Remarks If X not aptly supported we can still definemapslocally

Any ofC Diff M induces a pushforward map
a TCTM TCTM

by the differential dpp Tpm toy M at each pG M

Thm Let X Y E T TM aptly supported
Suppose I leaps is the flow generatedby Y

Then
y da co I Xf Lyx

Tensors

Recall Linear Algebra dim dim din dinW dinV dimW

V W vector space owns V V W V W
1B P p p

dual direct tensor
space sum product



Tensor Product dim W din V din W

W fEI Ai Vi wi Ai E IR ViC V wi c W

St Cav azure w Ai Vi W t Az V2 W
ly bilinearity

biWiCbrew be v Wi t b V Wz

Equivalently we view

W f 10 V x w B bilinear

i e Cffo w a V A linear for each fixed in c W

v W CR linear for each fixed C V

Recall I natural 1canonical pairing

x B
u

Iv v v v

we have for any v E W E W

W 3 w v w VTV W w

we can define tensor product of linear maps as follows

Given linear maps T V T S W T

T S V W F W Ex Well defined
y u

V W Tcu Scw



Moral Any canonical ie indep of choiceof basis constructions

for vector spaces can be done fibernise on vector bundles

Applying to the tangent bundle TM

TM mTpM E T'M mTpm maggot
contravariant

Is M II Tpm Tpm Tp'm TFM
covariant PEM

r times s times
Cr s tensor

bundle over M Eg TIM TM TIM _T M

Def't T TIM i fcr.si tensors on M TCM module

Somealgebraic tensor operations

tensor product

Contraction Cpj P G CP is G l

cw.it i j

Cij Vix Up Vix Vg

Vi V VI Up V vj Vq
Tn
IR

E.g Cc V R C Cv v Cv

Note This is just the trace on End V EE
in

EIcheckthis Eee V V w V w V



Interior Product w H V E V gtines

Given AC f i.e X V x x V IR multilinear

define 2µA cVT as

2yd V Vq i i X V V Uq c

Pullback of tensors

Given a diffeo MM N we can pullback pig tensors on N

to obtain Cpq1 tensors on M as follow cp.greinar
02 a

M IN
Tl TPqN T 1Pgm diff

T

st X ol
1
X V X CTCTN

vector
field 10 2 X ca XpwIdolCX VA ET TINM
1 forms t XCTCTM E M

x p 4 2 ofp t tensors a p of anytype

Remarks Cis foo4 4 0 of for 01,4C Diff
Cii 01 commutes with any contraction

Lie derivative

Given X CTCTM we can define the Lie derivative cw.int X

I
flow slots L TCTEM THEM

by Lxx day x
1 0



Properties of Lx

a Lx f X f If X Uf C CTM

b Lx Y X Y V CE TCTM

c Ly x p Lxx B t x B Vtensors xp

d Lx o c Co Lx b contraction C

FACT These 4 properties uniquely characterize Lx

Reason Suppose 7 linear map

P TCT m T TIM

satisfying a d above Claim Px Lx
First we show Px is a local operator
iiee Suppose x P E TCTEM Et alu pIn on some open UEM

Then Rod In Rep Iu
why Choose another open V CC U ie T C U

M z U 1 Fix f E C Cm cutoff fan at

Lf f f I 1 on V
V f zo outside U

Now the Blu fx fp on M

c P f x f Rea Raf Pt 5 Rep on M
m

a X f X f
f Pxx f Rep on U

Rid Rep on V also on U since arbitrary



Application Lx Ly Ly Lx L y

Q what is a tensor really

1,0 tensor c vector fields
1dual I dual

0 I tensor C 2 1 form

What about 0 2 tensors Cm module
as a

0,27 tensors map TCTM x TCTM M

bilinear over CM

Why Given co z tensor 2 E T TEM we define

2 TCTM x 7CTM m

s t L X Y p Ip Xp Yp Kp c M
a

Tpi'm Tp'm

Nele x f X Y f x X y x X 54 V f cCTM

Given a map

VIV TCTM x 7 TM CTM CFM bilinear

At each p E M we define a bilinear map cover IR

Xp Tpm Tpm B non unique
as follows let Xp YpCTpm extending to X Y E TCTM

Ex VI X Y p Xp XpYp
Trsesbiliheents CFM welldefined indexof the extensions X Y



Application C T TM x TCTM Ttm is N a tensor

Digression Horn V W E V W i CU W E V W

VI TITIMI THEM IET MY Tsm
ICM linear 1 EtrptsM

Since f X Y ff Xg Y Cg YI X ffg X Y

f g G ECM NII Ecm bline


